A group G can be realized as a knot group ττ 1 The necessity of the algebraic conditions may be seen as follows: (l)-(3) are well-known (see e.g., [8] or [9] ). (The methods of this paper can be used to develop a theory of Wirtinger approximations for GjG' free abelian of rank m, i.e., F n having m components, but we restrict ourselves to m -1 to minimize notation and keep the proofs clear.) (4) is well-known for 1-manifolds (not necessarily connected) in S 3 and we proceed by induction on dimension, using the method of slices [4, §6] to present τr 1 (S w+2 -F n ) . The sufficiency of the algebraic conditions is established by using methods of Yajima [14] (rediscovered by D. Johnson; see [7] for nice exposition) to construct a surface F 2 in S 4 having a given group. In this paper, we suppose we are given a group G satisfying (l)- (3) and try to decide whether or not G satisfies (4) . If we replace (4) by the property H 2 (G) = 0, we obtain Kervaire's list [8] [9] characterizing the knot groups of spheres S n c S n+2
. Thus (l)-(3) plus H 2 (G) -0 imply (4); a purely algebraic proof of this fact is given in [15] , and we shall recover this theorem as Corollary 1.8. There was some speculation [10, Problem 4.29] , [13, Conj. 4.13 ] that H 2 (G) = 0 actually is necessary for G to be 7Γ 1 (S %+2 -F n ), but counterexamples have been found ( [2] , [11] , Example 3.4 below). When we know H 2 (G) -0, G has a Wirtinger presentation in terms 178 JONATHAN SIMON of conjugates of any annihilating element t. In general, however, it is possible (Example 3.5) to have a group G with annihilating elements s, teG such that G has a Wirtinger presentation in terms of conjugates of t but none in terms of conjugates of s.
For each choice of annihilating element t e G, we show (Corollary 1.4, Theorem 1.5) that the obstruction to (G, t) having a Wirtinger presentation is a finitely generated abelian group that arises as the kernel of a certain homomorphism φ\ W(G, t) -»G. The group W(G, t) is the (Corollary 1.9) best Wirtinger approximation (Definition 1.2) of (G, t). As we initially define it (in Theorem 1.3), W(G, t) has infinitely many generators and relations. However, W(G, t) is (Corollary 1.7) finitely presentable, so there is hope, in any particular situation, of actually finding a presentation that is nice enough for us to decide whether or not φ is an isomorphism.
In §2 we describe a paractical method for obtaining W(G, t) as the last of three successive Wirtinger approximations of (G, t). The first is always constructable since G/((ί» = 1; the second is automatic. Passing from the second approximation to the third, however, may be difficult as it requires knowledge of the centralizer of t in G'. One result is (Corollary 2.3) that if the centralizer of t in G' is trivial, then the Wirtinger obstruction group ker (φ) is precisely
Finally, in Conjecture 3.6, we offer a strong form of the "Property R" conjecture DEFINITION 0. , x gi > be the free group generated by {% g }geσ Define a homomorphism σ:F-+G by δ^) = g~ιtg, and let i? = ker σ. By hypothesis, G/{{t)) = {1}; since the range of σ includes all conjugates of t, it includes a generating set for G, and so σ is an epimorphism. Now let R o be the normal closure in F of the set £f Π R, where S? is the set of all words of the form x^w^XeW. In other words, R Q = (({xΫw^XeW\heG 9 w eF and a^w^w eR}} .
Let <τ denote the projection F-+FJR,.
We define W(G, t) = ίy# 0 , s = σ(a5 β ), and φ -σoσ' 1 (which is well-defined since i? 0 £ Λ).
We first claim that φ: relators of the form y^v^yuV). Since Y/ F' = G/G' = Z, each of the generators y t of F is conjugate to y 0 . Thus we may assume that the defining relators for F include a preferred one for each y t (i Φ 0) of the form y^v^y^v^ By substituting for y β and y k , the remaining relators can be written in the form y^u^yoU. We shall show that the function y 0 -> s = 0"(# e ), 7/i -> σ(xψ (H) ) defines the desired map of F onto W(G, ί).
Let Fbe the free group <i/ 0 , ^, •> and let p: Ϋ~-> Y be defined by p{y % ) = ?/i. The function ^(gf 0 ) = x e , ψ{y % ) = a;^( Wi , (i ^ 0) defines a homomorphism of Ϋ into F.
Claim (1) . The diagram below is commutative. But since 'f is a homomorphism and = leΓ, we have ^(s/,) = ftv^-Hψiy,) in G.
Ciαim (2). ker p £ ker (σoψ).
Proof of (2) . Consider the set {yγv~γy k v\ of defining relators for F. As noted earlier, by using the preferred relators y^v^y^vŵ e can rewrite all the others in the form y^vr^u.
If we let v i9 u denote the words obtained from v i9 n by replacing each ^/-symbol with y, we get a set of words {y\ Λ vϊ ι y o v^ U {y^ιu~ιy Q u} whose normal closure in Ϋ is ker p. The images of these words under ψ are xψ^ψiVi^XeψiVi) or x~ιψ{u)~ιx e ψ{u). By Claim 1, these words are in ker (φoσ) = JR; but these words are also of the right form to be in S/\ hence in R Q = ker σ. We thus have σoψ(ker p) = {1}, so ker^o £ Claim (3). The homomorphism ψ induces a homomorphism ψ: W(G, t) making the following diagram commute.
Proof of (3). This follows immediately from Claims (1) and (2) Claim (4). The homomorphism ψ: F-> TF(G, ί) is onto. 
Proof of (4). The images <7(αs

WIRTINGER APPROXIMATIONS AND THE KNOT GROUPS OF
This completes the proof of Theorem 1.3.
COROLLARY 1.4. If φ: W->G is a best Wirtinger approximation of (G, t), then (G, t) has a Wirtinger presentation if and only
if φ is an isomorphism, i.e., ker φ = 0.
Proof. The "if" is trivial. If (G, t) has a Wirtinger presentation, then id: G, t->G, t is a Wirtinger approximation of (G, t). But then there is an epimorphism <ψ:G~> W such that φoψ = id, so φ is 1-1.
REMARK. It is tempting to claim that the universal mapping property of a best approximation guarantees that any two best approximations are isomorphic. But all we can get is homomorphisms of each onto the other. To prove uniqueness, we need to know that ker φ is Hopfian, so we postpone the uniqueness theorem until after Theorem 1.5.
THEOREM 1.5 (Properties of ker^ ). Suppose <p: W(G, t) -> G is the particular best approximation exhibited in Theorem 1.3. Then we have the following: (a) ker φ is central in W(G, t). (b) ker φ is a homomorphic image of H 2 (G;Z).
(c) // G is finitely presented, then ker φ is a finitely generated abelian group.
Proof of (a). Let reker<p. Choose reF such that σ(r) -r.
Since φ(r) = e, σir) = e, i.e., reR.
For any generator x g of F, we then have x^r^XgΨ 6 R Q . Thus r commutes with σ(
Proof of (b). Consider the following exact sequence [12] .
The last epimorphism is an isomorphism. Since ker φ is central in W(G, t), the sequence then becomes
Proof of (c). This follows immediately from (b), since H 2 (G) can be computed as H 2 (X)/π 2 (X), where X is a finite CW-complex having fundamental group G.
an isomorphism if and only if the homomorphism φ*: (G) , induced by φ, is surjective. Thus when G is finitely presented, the problem of deciding whether or not (G, ί) has a Wirtinger presentation reduces to a problem about finitely generated abelian groups. But the act of reduction may involve an unsolvable problem. REMARK. It is possible to extend the sequence used in the proof of Theorem 1.5. According to [5] , and using the fact that Hi( W(G 9 t)) = Z, there is a nonnatural homomorphism ker φ -> H 2 {W(G, t) ) making the following sequence exact. W(G, t) . In this section, we describe a method for obtaining a presentation of W(G, t) by three successive Wirtinger approximations of (G, £), H-+G-+W(G,t)-*G.
2* Computing
The letters H, C are mnemonics for "homology" and "central". We denote the maps by φ γ \ H->G, φ 2 :C->G, and, as before, φ: W(G } t)-+G.
To illustrate the various steps, we shall carry along one example Step 1. The group iϊ is any group such that: H has an annihilating element t, H^H) ~ Z, H 2 {H) -0, and there exists an epimorphism φ γ \ Ht -> G, t.
Any group H having a killer t, H^H) ~ Z and H 2 {H) = 0 has (by Corollary 1.8) a Wirtinger presentation on conjugates of t.
Thus any epimorphism φ λ \ H, t -> G, t is a Wirtinger approximation.
The assumption G/{{t} = {1} guarantees that if we start with any presentation of G, and are given t as a word in the generators, then we can compute a suitable group H. To avoid such impractical tactics as "enumerate all finite presentations of G", it is hoped that our assumption that G/((ί» = 1 is accompanied by a proof. We then proceed as follows: Since G is generated by conjugates of t, G can be presented in the form (t, s 19 , s n ; {Si -WϊHw^i,...,** other relators). Let H = (t, s 19 , s n ; {s* = W^wJ^i,...,™). Alternatively, for each original generator g t of G, there is a relation ϋ^ expressing #i in terms of conjugates of £, and we can use these relations to define H. These methods for finding a suitable H are based on the proof given in [7] of Gonzalez-Acufia's theorem [6] which states that each group of weight 1 is a homomorphic image of a knot group (of S 1 dS 5 ). According to that theorem, there also is a classical knot group that we could use for H. Actually, we could start with any Wirtinger approximation of (G, t) and Steps 2 and 3 below would carry us to W(G, t). But by asking that H 2 (H) = 0, we get the nice property of C that ker (φ 2 : C ->G) is precisely H 2 (G) (see comments after Step 2). EXAMPLE 2.1 (cont'd). We wish to find a set of conjugates of t that generate G. Since t~xat = α" 1 and α 3 = 1, we have a = (a~Ήa)~\t). In §3 we shall give a different treatment of Example 2.1, involving a choice of initial approximation H that is harder to find but easier to use later.
Step 2. Centralize the kernel of map from H to G. That is, This step is automatic if the presentation one has for H involves the generators from a presentation of G. It is useful to note that the kernel of the map φ 2 : C -• G is precisely H 2 (G) . This may be seen by considering the exact sequence [12] Step 3. Adjoin enough relations to C to describe the centralizer of t in G. That is, make the sets φ 2 \t) and φ 2 ι (centralizer of t in G) commute elementwise. This is the step that distinguishes t from other killers of G and that requires a fairly complete knowledge of the internal structure of G.
Let Z t denote the centralizer of t in G. The crudest way to perform Step 3 would be to adjoin all relations of the form [t, x] = 1 where t ranges over φ 2 \t) and x ranges over ψ 2 x (Z t ). The first obvious simplication is that we only need to consider one antecedent t for t and one representative x for each x. If t = tq 1 Finally we note that we need to add only finitely many new relators [t, x] , regardless of the possibility (???) that Z t Π G' is infinitely generated. The relators we are adding generate a subgroup of ker<p 2 . When G is finitely presented, H 2 (G) is finitely generated, and so the homomorphic image, ker^2, also is finitely generated. EXAMPLE 2.1 (cont'd). It is not hard to check that in G, t commutes with b 2 a and with a¥ab 2 . It is much harder to show that these elements generate all of Z t Γ\G'. The mapping a -> (153), 6 -> (12345), t -> (35) is a homomorphism of G onto the symmetric group S 5 that faithfully maps G', that is the subgroup generated by a and 6, onto the alternating group A 5 [cf. 3, §6.4] . The centralizer of (35) in A 5 is just the subgroup generated by (124) and (14) (G, t) . The answer is "yes," but rather than go through the derivations here, we shall defer to the next section. COROLLARY 
// G/G' = Z, G/((t)) = {1}, and the centralizer of t in G is just (t} 9 then the Wirtinger obstruction group, ker φ, is precisely H 2 (G).
Proof. By Theorem 2.2, Step 3 yields W(G, t). But if Z t Π G' = {1}, then there are no relations to be added in Step 3. Thus ker φ k er<p 2 , which, as noted after Step 2, is isomorphic to H 2 (G).
3. Examples* The previous section concluded with the need to decide if a certain messy-looking group is isomorphic to a given extension G of A 6 . We shall give a different analysis of the same group G that makes the final calculation easier. The first two of the following lemmas are useful for several examples. Let a: <α, δ; -> -> ^ be defined by α(α) = α~\ α(δ) = αδ 3 α6-2 . Then a induces a homomorphism of 3f into ^.
Suppose ίce^ and α(sc) = 1. Consider the projection of 3f onto the alternating group A 5 = (a, 6; α 3 = 6 5 = (αδ) 2 = 1>. Since, as noted in §2, the function a -> a~\ b -> ab 3 ab~2 in 1-1 on A δ , x e ker (ϋ^ -> A δ ). But [3, §6.5] this kernel is just the group of order 2 generated by α 3 , and α(α 3 ) -a 3 Φl. Thus x = 1, α is 1-1, and so α defines an automorphism of 3ί. , ί -1 αί = a~\ t~xbt -a¥ab~2) for our first Wirtinger approximation of (G, t). Since the kernel of φ λ : H-^G is just the central (remember α 6 = 1) subgroup of order 2 generated by α 3 , we have C -H (and also H 2 (G) = kerφ 2 ^ ker φ ± ^ Z 2 ). As in §2, Z« Π G' is generated by δ 2 α and αδ 3 We shall show that in the third case, (G, t) has a Wirtinger presentation, while in the first two cases it does not. The third case, where x is an element of order 2, has been studied in [11] , and represents, along with Example 3.4 and [2] , one of the few known groups having a Wirtinger presentation and nontrivial second homology. We shall consider the three cases simultaneously.
By Lemmas 
